AT is the temperature difference between working surfaces.

Indices

e is the positive end;
P is the parasitic end;
0 is the initial value;
t

is the concentration referred to region 1;
is the concentration referred to region 2.

=2
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DIFFERENTIAL TRANSFER EQUATIONS FOR
MULTIPHASE, MULTICOMPONENT MEDIA

V. I. Pavlov UDC 532.529:541.124

Transfer equations of mass and momentum are obtained for single-phase, single~-component and
for multiphase, multicomponent media with account taken of substance change, Similarity cri-
teria for these media are analyzed.

Investigations of transfer processes in multiphase, multicomponent media are topical problems in view
of their wide application.

A considerable part of the investigations was extended in [1]. Further development was carried out in
[2, 3]. In [2], transfer processes in a two-phase multicomponent medium are described and a thermodynamic
analysis is carried out, The adopted assumptions, however, limit the range of applications for the obtained
equations.

In the present article the transfer of mass and momentum in a multiphase, multicomponent (n, m) me-
dium is described in accordance with the concepts of Sedov [4, 5], fruitfully applied by him to develop the
mechanics of the multiphase media [1].

Let us consider a volume element of the medium with considerably smaller dimensions than those of the
phase elements.

It is assumed that the transfer of a substance (mass, momentum) within a separate component, phase,
or mixture can be described similarly as for a solid medium, but now the substance transport between the
phases or components in this continuum is also taken into account,

In contrast to other investigations [2, 3], no restrictions are imposed as regards the effect of the shape,
the number of phases (the number of phases n = 1), or the number of components (the number of components
m = 1), The phases may be continuous or discrete., The elements of any phase may interact either with the

Sofia, Bulgaria. Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 35, No. 3, pp. 477-487, Septem-
ber, 1978. Original article submitted February 2, 1977,
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elements of another phase or among themselves. It is assumed that chemical reactions only take place within
a phase, that is, surface chemical reactions are regarded as leaking in direct contact though not on the inter-
face boundary. Since various technical application changes of substances are of interest both for an individual
component in an individual phase or medium and also for individual phases or media as entities, transport dif-
ferential equations are deduced for each case.

1., Continuity Equations

1,1. For the transfer of the k-th component of the i-th phase of a multiphase flow one can write:

the flow rate of the mass of the k-th component of the i-th phase across the surface S of the volume V,
{ B 8p dS;
S

the mass inflow of the k~th component of the i-th phase from other phases in the volume V,

s‘ Ju kdv;
v

the mass inflow for the k~th component with transport of other components into the i-th phase:

—\ Jhe-dV.
VS )

The density change is

d
- : l-dV.
dt Sﬁ'pk

v

The law of substance conservation is

d F m m
= j .o dV + f (B, if; 8p) dS — f (- + J-3) = 0. "
v S v

The Leibnitz formula for the total derivative is applied,

d _ aﬁ pzh
= [ boury = [ Bl v [ vt as: 2
14 v S

then

n

J r— ﬁ ﬁlde +§ ﬁlplh(vlap\ ds + Y (B;l,ks ds _5 (J:r!lek -+ J:':"k) dv =0. (3)

By applying the Ostrogradskii—Gauss formula,
[ @8paS = (v-a)av, &)
S 14

one obtains

. 5
5‘ {‘:‘? Bioin + VB (PinVi + i — I — I }dV =0. )
v

The continuity equation for the k-th component of the i-th phase is
d " "
T Bioin + BV Vip — Jike- — JTi-x = 0. (6)

The expression for the mass source for the k-th component with interaction with the remaining compo-
nents of the i-th phase 1 ikk) can be determined from the relations describing chemical reactions m a homo-
geneous medium, The mass of the k-th component which has passed across the phase boundary R ey ii-k 18
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represented by the sum of masses of the phase f{ransition, coalescence, or disintegration. When analyzing
processes in a specified motion [6] the relations for determining Jﬁl—k must be suitably selected in each indi-
vidual case.

1.2. For the transport of the k-th component in the (n, m) flux with 3, Jrilil_k = 0 and 2 J?l;k’ = Jknl;—

one obtains in a similar way

d 3
2 {‘&;‘ Bipir) + Bi0ivV-v; + B: iT: } —Ji- =0. ()
If one sets
i}i—: = Yip,nr }; Bibin, =1,
. 0.
S‘ BiPsn¥ir = PuVis 2 Bobir,n —+ =1,
",H kYik BYR - k. Uh
one obtains
i n ®
S Or + VP Vy— Jha- = 0.

Equation (8) has a formal character, whereas (7) reflects the complex character of the transfer of the
k~th component in the multivelocity continuum,

T * 3 . . m - m - m
1.3. For the transfer of the i-th phase* in a multiphase flux with ; Jik,k' 0, ; I = I, and
2 Yik,i = 1, where ¥jk j = pji/P;, one obtains
k
L B+ By vi— Ii- =0
go P T BPiV-Vi — Ju= = 0. ©)

Consequently, when determining the mass transfer of each phase in the medium, the transfer across the
interface of all phase components must also be taken into account.

1.4. For multiphase flux one has

E {—dd; Bip: + ﬁioiv-vi} =0, (10

13

and denoting py/p = @y, 2 Pk =1,
k

2 VA 2 2 BiinVip = 2 Bioiv; = ov,
) E 3 i

*If the elements of the i-th phase differ in their geometric or physical characteristics, one has to describe the
transfer processes for each j-th group of identical elements of the i-th phase. If there are p such groups,
then there are p continuity equations:

d
e BisPis + BispasV-viy— Jij- — Jii-; = 0.
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one has

11
__p_ +V.pv-_=0' ( )

2. »Eq“uation of Moments

2.1. We obtain the equation of momenta for the k-th component of the i-th phase of the medium.

The momentum from the k-th component of the i-th phase across the surface S of volume V is
j. [Bi0:nVinBpl dS.
$ :
The effect of the external surface forces on the k-th component of the i-th phase in the volume V is

B; f [Piydpyl dS.
§

The effect of the external mass forces on the k-th component of the i-th phase in the volume V is

j‘ [B:p: Fyp] dV.
v

An increment of momentum of the k-th component of the i-th phase with mass and momentum inflow from
other components of the i-th phase is

5 (— Yir-) dV.
v

An increment of momentum of the k-th component of the i~th phase with mass and momentum from other
phases in the volume V is

j (— Ji-p) dV.
v

An increment of momentum according to the conservation law of substance is

d
= S BipinvardV + f B:0:Vi8pdS + f (Bi0usF i+~ + Jii-p) AV + B, f P,;,6pdS = 0. (12)
v § v S
One finds after transformations similar to those in Sec. 1.1,
d ' ,,,
B0 T Vir + BiVPu + Biv- 01— BiPin Fa + (JThe- + Jii-p) Vi — Jerm — i = 0. 13)

2.2, Similarly for ) _ 7

2 e = Jhe-, 2 Ji-x=0

the differential equation for the momentum oif the k-th compo;lent of a multiphase, multicomponent flow is
E {ijik d;dt Vis, + Bivpi + BiV-0in — BipunFin + Tke- + Jli-1) vik}_ Jp- =0. (14)
i
If one sets vy = v, + Vaius Z B:vPir = VPr
i 2 Biv-0ip =V 0y 2 BioinFin = 0:F,
[3 i

and bearing in mind that

Z Bipin Vir, = PaVes E B:0:Vain = 0,
i {
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one obtains

d
Pr e + PV VYV, + VP, + V-0, — 0pF) + Jik~ v, — Ha- + Ham = 0. (15)

In the above

S 3 16
Jiain = 2 [ﬂ Pir —— 3 Vair + BiPirVi - VVasn + BiPinVain - VVainn + Bi0ixVain Vi + (Jika~ + vyl 16

i

The last term of (16) reflects the difference in the transport of momentum of the k-th component in a
multiphase medium as compared with the transfer in a single-phase medium.

2.3. For the equation of the momentum of the i-th phase with

2 - =0, 2 Yi-n= Y-, Vig = V; + Vg Z PipVgin = 0,
3 & - L3

2 Pir = Pi» g Oy = 0, P;F; = ; P:nFin

k
one obtains

ﬁpl v, + Bivp: + Biv-o, + Jii- vi — - —Bio.Fs +2<Jmh + JT=8) Vau = 0. an

If in the particular case of the two-phase medium one neglects the pressure change as well as the dynam-
ic and inertial effects of the diffusion rates, one obtains the equation of motion derived in [2].

2.4. For the equation of momenta of a multiphase, multicomponent flux with
2 ¥i- =0, [ﬁ 01 ~— Vi+Bvp: + Biv-o; + Ji-vi —BipiFs + E(Jmh— + JTi-1) Vaisl = 0 (18)

and if one sets

Vi =V+Vai Y By =vps 3 BipiF; = oF, Y Biv-o; =y-0,

then
9 ' g
P 5 VHoev-vv+vp+v-o—oF 4 Ji=0, (19)
where
6 "
Bi= 2 [ﬁzpi e Vai + BiPiV-yVa; + BiPiVai - VVar + BifiVais YV — 2 (T~ + JTi-1) V- (20)
- ®

The last term of (19), that is, 'J?)i’ reflects the dynamic andinertial, effectsdue to the relative velocities
Vi of the phases and the diffusion rates of the components V gjk.

Thus, the obtained equations of the transfer of mass and momentum together with the energy equations
not discussed in the present article provide a system of equations describing the transfer processes in the
(n, m) medium regarded as a continuum, This system can be completed by adding to it the thermodynamic
relations of the phase state and of the components and the relations for determining the substance on the inter-
face and in the phases. These relations may be quite different, since they are determined by the structure of
the specific (n, m) medium.

In applying the above-derived transfer equations of mass and momentum to describe processes taking
place in a specified medium one can ignore the corresponding terms; in this way one obtains equations which
are of more specialized character, but can be fairly easily solved.

Using the transfer equations for mass and momentum in an (n, m) medium and the conditions of the iden-
tity of the equations for two similar processes, one can easily obtain criteria whose numerical values are
equal.
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1. Similarity Criteria for Mass Transfer

1,1'. For the k-th component in the i-th phase of the flow one has

m m

0,7 o Jir- 1 . dii-pl
~— = Hoy; = Mirn-in; — = Mii=n,in-

! Pikq,-k Pirlip

1.2', For the k-th component of the i-th phase m-component flow one has

I Y S
1 = HOk, Onln = Mkk" R
1.3', For the i-th phase in the (n, m) flow one has
T Jh-1
o -T‘— = Ho;; vl:pi = M-

1,4', For the (n, m) flow one has vr/l = Ho,

In the four cases of mass transfer in the (n, m) medium under consideration the criterion known from
the continuity equation of single-phase, single-component media assumes different values: in Sec, 1.1' Hoi'f{
is the ratio of the change in time of the local density of the k-th component in the i~th phase to the density of
the k~th component when the velocity is vjk; Hof! in Sec,1.2' is the same ratio for the k-th component in the
medium for the velocity vi; Hoj ! in Sec. 1.3' is for the i-th phase of the medium for v;;and Ho in Seec. 1.4
in the medium for the velocity v.

The following relation exists between these criteria:
Ho = 2 B.9; Ho; = E B:o; (Z VYin,i Hoih) = 2 9, Ho, = }: b; (Z ﬁi\l’ik,k Hoih) .
i i k k [ i

Thus, in the case of a multiphase, multicomponent medium the criteria Ho, Hoj and Hok are derived
from the criteria Hojk. In the case of a multicomponent medium, Ho is derived from Hoy, but in the multi-
phase case it is derived from Hoj.

The similarity of the transfer processes of mass for the k-th component and for the i-th phase in an (n,
m) medium requires also the equality of the specific (for this case) dimensionless complexes Mjk k-, ik
Mji~-,k,ik, Miji-,i, and Mgk~ k in addition to the numerical equality of the homochronicity criteria. They re-
present the ratios of the changes in the density of the components for the phase due to the existence of mass
sources to their density with the corresponding velocity.

The similarity in the transfer of the k-th component in the i-th phase presumes that the equality of the
values of the complexes Mjkk- and Mjj- jk was observed for mass sources with chemical reactions and for
phase transitions, respectively, In the transfer of the i~th phase and of the k-th component in the medium it
suffices to observe that Mjj~ ; and Mgk~  are equal, The relations which are operational here are

2 Ming=,in $in,n sy
i _—

Mpp- 5 = y Mi-,i=
Uk vi

2 Mii-p,inPin,i Uiy
7

2', Criteria and Equations in Dimensionless Form

for the Momentum (Time Integral of Force) of

the Medium

2.1', For the k-th component of the i-th phase the following is obtained:

;T Ji-n

Yl - Ho.,, { =Di-p,n,
l ir v?kpik
Jian-
2p'k = Euih’ —— = Dihk_,ih 3
V3 Pix VirPin
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o Jibn-
R =Rel, — [ = Mirk- iz,
VinPin Vin P
F

JTi-x
—k [ =Fry, i I =M~ p,in.
Vi Uiz Pip

2.2'. For the k-th component of the (n, m) medium the following criteria are obtained:

q
UpT i [ = Dup- &, Pr_ _ gy,
—k° = Ho,, ngk Rk~ R vﬁpa k
e o,
T | M- - = Re},
UibPr & Pr
Jai
fzi l = Fry, A 22k | == Diatk,r -
Uy vhpk

2.3', For the i-th phase of the (n, m) medium the following criteria are obtained:

Ut Jh- . P gy
—l— = HOiv ’U? 0; l= Du i 'U? 0; EU”
m
T M-, 2 =Re,
UiP; v‘ p‘
, I
_F;_ [ = Fl'i, iAik — DiAih‘
Ui vi;

2.4', For the (n, m) medium one has the following criteria:

Y _Ho, P —Es Jal _p

{ v V%
9 _Re, £oi_Fr
v v?

The criteria Ho, Eu, Re’, and Fr in the (n, m) medium are determined by the ratio of forces as in the
case of a single-phase one-component medium. One has four different groups of criteria whose equality is a
necessary condition for the similarity of the transfer processes of the momentum in two (n, m) media depend-
ing on whether the forces act on the k-th component of the i-th phase or medium, or on the i-th phase of the
medium, or on the medium. The criteria referring to the momentum transfer by phase or by medium compo-
nent or by the entire medium are derivatives of the criteria for the k-th component of the i-th phase in accor-
dance with the relations

Eu— —_— 2 B;v? ¢, Eu; = v Biv2 bin @By, = — 2 v2 @.Eu,.

One has similar relations for Re® and Fr.

Side by side with these criteria and the complexes of sources of mass, the similarity of the transfer of
momentum in two (n, m) media also requires the maintenance of the equality of the dimensionless complexes
Dikk-,iks Dii™k,iks Dki~ ke and Dj;- § k- They represent the ratio of the changes of local forces due to the
presence of momentum sources with chemical reactions taking place and phase transitions to the forces at the
corresponding velocities. For the latter one has the following relations:

1
Dy = o E Voo i Vi Dic-b,ns Dap-a= -—2 Bipin,x 02 Dine- iz

k

The complexes Dkaik,ks DjAik,is and DA estimate the effect of diffusion rates and of heterogeneity of the
(n, m) medium on the momentum transfer,
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NOTATION

is the true volume concentration;
is the density;

is the pressure of external forces;
is the normal pressure;

is the tangential stress;

is the flow density of substance;
is the substance source;

is the volume force.

MO QT g ®

Indices

is the phase;

is the component;

is the diffusion;

is the mass;

is the momentum;

is the dimensionless quantity.

*,Qgg_wv—-
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